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Summary

I Common partition-similarity measures ignore link patterns —
instead they merely consider set overlaps with a reference
partition, failing to distinguish between certain partitions

I To address this shortcoming, we combine the idea behind the
Kullback-Leibler divergence with random walk descriptions and
develop a link-aware partition-dissimilarity measure, which we call
flow divergence

I Applied to synthetic and real-world networks, we show that flow
divergene distinguishes between network partitions where
traditional measures fail

The Problem

Common partition-similarity measures like the Jaccard index and ad-
justed mutual information (AMI) consider only nodes’ community
memberships, but ignore link patterns. They judge partitions B, C,
and D to be equally similar to the reference partition A.

A B C D

Figure 1: Four different partitions for the same network.

Our Solution: Flow Divergence

I We combine the ideas behind describing random walks and the
Kullback-Leibler divergence to design a link-aware
partition-similarity measure

DKL (P ||Q) =
∑
x∈X

px log2
px
qx

I Flow divergence quantifies the expected additional number of bits
required to describe a random walk when using an “estimate” B
of the network’s “true” structure A

DF (Ma ||Mb) =
∑
u∈V

pu
∑
v∈V

tMa
uv log2

mapsim (Ma, u, v)
mapsim (Mb, u, v)

I mapsim is a node-similarity measure based on the map equation
for community detection and quantifies how many bits are
required to encode a random-walker step
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Figure 2: The coding principles behind the map equation where codewords are based
on Huffman codes and the nodes’ visit rates. (a) All nodes are in the same module
and have unique codewords. (b) The network has three communities and nodes
have unique codewords within modules. (c) The coding scheme from (b) shown as
a radial tree.

I We normalise flow divergence

D̃F (A ||B) =
∑
u∈V

pu
∑
v∈V

tA
uv

[
log2

mapsim (A, u, v)
mapsim (B, u, v) − λA

u + λB
u

]
,

with normalisation factors λA
u = log2

(∑
v∈V mapsim (A, u, v)

)
and

λB
u = log2

(∑
v∈V mapsim (B, u, v)

)

Flow Distance — Normalised and Symmetric

I Via the Jensen-Shannon distance, we turn flow divergence into a
symmetric measure between 0 and 1, and call it flow distance

dF (A,B) =
√

0.5 · D̃F (A ||MAB) + 0.5 · D̃F (B ||MAB),

where MAB is the mixture partition between A and B.

Toy Example
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Figure 3: The four example partitions and their coding schemes, annotated with
random-walker transition rates instead of codewords.

I Based on random walks, flow
divergence considers link
patterns when comparing
network partitions

I D has a lower flow divergence,
and, therefore, is more similar
to A than B and C are

Table 1: Normalised flow divergence D̃F in
bits, rounded to two decimal places,
between the partitions shown in Fig. ??.

Other
Reference A B C D

A 0 1.25 1.25 0.92
B 1.36 0 0.86 1.35
C 1.36 0.86 0 0.96
D 1.04 1.39 1.00 0
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Figure 4: Flow divergence and flow distance distinguish partitions where traditional
measures fail. It returns non-zero distances between the reference and candidate
partitions while the Jaccard index and AMI return distances of zero.

Conclusion

I We designed flow divergence, a partition-similarity measure based
on the idea behind the Kullback-Leibler divergence and describing
random walks

I Via the Jensen-Shannon distance, we also derived a symmetric
measure: flow distance

I By considering link patterns via random walks, flow divergence
handles hierarhical partitions and distinguishes between partitions
where traditional measures fail


